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I. INTRODUCTION
The study of neutrino mixing in the context of quantum field theory (QFT) [1, 2, 3, 4, 5, 6] and the progresses in
the understanding of such a phenomenon [7, 8], together with the definitive experimental proof of neutrino oscillations
[9, 10], open new scenarios to the research in fundamental physics. Indeed, it has emerged an unexpectedly rich non-
perturbative structure associated to the mixing of neutrino (as well as boson [11]) fields, hidden in the vacuum for the
flavor fields. This has been shown to be a condensate of massive neutrino-antineutrino pairs. Several consequences
of this discovery have been analyzed, including the effects on flavor oscillation formulas [1, 5] and the implications in
cosmology and astro-particle physics [12, 13, 14].
In this review we show that the energy content of the neutrino mixing vacuum condensate [12] can represent a
component of dark energy [13] that, at present epoch, assumes the behavior and the value of the observed cosmological
constant. We compute such a value and show that, above a threshold, it is slowly diverging and its derivative with
respect to the cut-off value goes actually to zero, which allows to use the cut-off at its electroweak scale value, provided
one limits himself to considering the two (lighter) generations in neutrino mixing. In the case one includes mixing
with heavier neutrinos, a value of the dark energy compatible with its upper bound is obtained for a cut-off of the
order of the natural scale of neutrino mixing. As we will show in a forthcoming paper [15], the use of such an infrared
momentum cut-off is motivated, at the present epoch, by the negligible breaking of Lorentz invariance due to the
vacuum condensate caused by neutrino mixing .
The remarkable improvement of the dark energy value computed in the present paper, with respect to the disagree-
ment of 123 orders of magnitude in standard approaches [16], makes the present treatment worth to be discussed.
Our result links together dark energy with the sub-eV neutrino mass scale [17]. The link comes from the neutrino-
antineutrino pair vacuum condensate.
We point out that our work differs from the approach [18] based on vacuum contributions from light particles
like neutrinos and axions. In the present review we do not resort to axion contributions. Nevertheless, it is in our
future plan to compare the two approaches in order to clarify the differences and the similarities. Moreover, the
non-perturbative feature here presented leads us to believe that a neutrino–antineutrino asymmetry, if any, related
with lepton number violation [19] would not affect much our result. Also this point deserves to be better clarified,
2which we plan to do in a subsequent work. Finally, we observe that the non-perturbative contribution discussed in
the present review is of different origin with respect to the vacuum energy contribution of massive spinor fields arising
from a radiative correction at some perturbative order [20].
The review is organized as follows. In Section II, we introduce the neutrino mixing formalism in QFT. In Section
III we present the neutrino mixing contribution to the dark energy of the universe. Conclusions are drawn in Section
IV.
II. NEUTRINO MIXING IN QUANTUM FIELD THEORY
The neutrino mixing phenomenon was firstly studied in the context of quantum mechanics (QM) [21, 22, 23, 24,
25, 26, 27, 28] and subsequently analyzed in the framework of the QFT formalism [1, 2, 3, 4, 5, 6, 7, 8], which we
shortly summarize in the following (for a detailed review see [6]).
In the very effective Pontecorvo’s formalism neutrino mixing is considered from the standpoint of QM and the
attention is focused on the mixing of ”states”. The fact that neutrinos are actually described by field operators is
completely neglected. The reason for that is the necessity of the effectiveness of the formalism which is required
to readily fit the experimental search for mixing and oscillations. Therefore, any simplification of the matter to be
treated is adopted, provided the resulting description would be sufficiently accurate and descriptive/predictive of
the experimental observations. As a matter of fact, the successive development of the experimental search has been
supporting such an attitude. From a theoretical point of view, there is, however, the necessity to understand how
mixing and oscillations can be properly described in the realm of QFT, which provides anyway the proper setting for
neutrino dynamics, as known since the birth of QFT. It is then also necessary to understand how the correct formalism
connects to the Pontecorvo’s approximate scheme. This has been indeed the program of the research line which has led
to the QFT formulation of the neutrino mixing and oscillation. Such a program has been successively extended so to
incorporate other particle mixing (quark mixing, boson mixing). Here we only sketch the skeleton of the QFT mixing
formalism and to do that we consider two neutrinos. Extension to three neutrino (to any number of generations, in
principle) is in the literature [5]. The reader who wants the guaranties offered by a rigorous mathematical proof of
our treatment may usefully read the papers in Refs.[4].
The mixing transformations for two Dirac neutrino fields are
νe(x) = ν1(x) cos θ + ν2(x) sin θ
νµ(x) = −ν1(x) sin θ + ν2(x) cos θ , (1)
where νe(x) and νµ(x) are the fields with definite flavors, θ is the mixing angle and ν1 and ν2 are the fields with
definite masses m1 6= m2:
νi(x) =
1√
V
∑
k,r
[
urk,i α
r
k,i(t) + v
r
−k,i β
r†
−k,i(t)
]
eik·x, i = 1, 2, (2)
with αrk,i(t) = α
r
k,i e
−iωk,it, βr†k,i(t) = β
r†
k,i e
iωk,it, and ωk,i =
√
k2 +m2i . The operators α
r
k,i and β
r
k,i, i = 1, 2 , r = 1, 2
annihilate the vacuum state |0〉1,2 ≡ |0〉1 ⊗ |0〉2: αrk,i|0〉12 = βrk,i|0〉12 = 0. The anticommutation relations are:{
ναi (x), ν
β†
j (y)
}
t=t′
= δ3(x− y)δαβδij , with α, β = 1, ...4, and
{
αrk,i, α
s†
q,j
}
= δkqδrsδij ;
{
βrk,i, β
s†
q,j
}
= δkqδrsδij ,
3with i, j = 1, 2. All other anticommutators are zero. The orthonormality and completeness relations are: ur†k,iu
s
k,i =
vr†k,iv
s
k,i = δrs, u
r†
k,iv
s
−k,i = v
r†
−k,iu
s
k,i = 0, and
∑
r(u
r
k,iu
r†
k,i + v
r
−k,iv
r†
−k,i) = 1.
The mixing transformation Eqs.(1) can be written as [1]:
ναe (x) = G
−1
θ (t) ν
α
1 (x) Gθ(t) (3)
ναµ (x) = G
−1
θ (t) ν
α
2 (x) Gθ(t)
where the mixing generator Gθ(t) is given by
Gθ(t) = exp
[
θ
∫
d3x
(
ν†1(x)ν2(x) − ν†2(x)ν1(x)
)]
. (4)
At finite volume, Gθ(t) is an unitary operator, G
−1
θ (t) = G−θ(t) = G
†
θ(t), preserving the canonical anticommutation
relations; G−1θ (t) maps the Hilbert spaces for ν1 and ν2 fields H1,2 to the Hilbert spaces for flavored fields He,µ:
G−1θ (t) : H1,2 7→ He,µ. In particular, for the vacuum |0〉1,2 we have, at finite volume V :
|0(t)〉e,µ = G−1θ (t) |0〉1,2 . (5)
|0〉e,µ is the vacuum for He,µ, which we will refer to as the flavor vacuum. The explicit expression for |0〉e,µ at time
t = 0 in the reference frame for which k = (0, 0, |k|) is
|0〉e,µ =
∏
r,k
[
(1− sin2 θ |Vk|2)− ǫr sin θ cos θ |Vk|(αr†k,1βr†−k,2 + αr†k,2βr†−k,1) +
+ ǫr sin2 θ |Vk||Uk|(αr†k,1βr†−k,1 − αr†k,2βr†−k,2) + sin2 θ |Vk|2αr†k,1βr†−k,2αr†k,2βr†−k,1
]
|0〉1,2 . (6)
Eq.(6) exhibits the condensate structure of the flavor vacuum |0〉e,µ. The important point is that 1,2〈0|0(t)〉e,µ → 0,
for any t, in the infinite volume limit [1]. Thus, in such a limit the Hilbert spaces H1,2 and He,µ turn out to be
unitarily inequivalent spaces. We remark that |0〉e,µ is the physical vacuum as we will see below.
In the QM formalism we ”cannot” have two unitarily inequivalent Hilbert spaces for the simple reason that the von
Neumann theorem forbids the existence of unitarily inequivalent representations of the canonical (anti-)commutation
rules whenever the system has a finite number of degrees of freedom, such as those in QM. It is quite obvious that
this cannot be the case for neutrinos. Since they are quantum fields, by definition they are described by infinitely
many degrees of freedom and thus von Neumann theorem does not hold. This point introduces a crucial difference
between the QFT formalism and the QM approach.
The flavor annihilators, relative to the fields νe(x) and νµ(x) at each time, are given by (we use (σ, i) = (e, 1), (µ, 2)):
αrk,σ(t) ≡ G−1θ (t) αrk,i(t) Gθ(t) ,
βrk,σ(t) ≡ G−1θ (t) βrk,i(t) Gθ(t) . (7)
The flavor fields can be expanded in the same bases as νi:
νσ(x, t) =
1√
V
∑
k,r
eik.x
[
urk,iα
r
k,σ(t) + v
r
−k,iβ
r†
−k,σ(t)
]
. (8)
4The flavor annihilation operators in the reference frame such that k = (0, 0, |k|) are:
αrk,e(t) = cos θ α
r
k,1(t) + sin θ
(
|Uk| αrk,2(t) + ǫr |Vk| βr†−k,2(t)
)
αrk,µ(t) = cos θ α
r
k,2(t) − sin θ
(
|Uk| αrk,1(t) − ǫr |Vk| βr†−k,1(t)
)
βr−k,e(t) = cos θ β
r
−k,1(t) + sin θ
(
|Uk| βr−k,2(t) − ǫr |Vk| αr†k,2(t)
)
(9)
βr−k,µ(t) = cos θ β
r
−k,2(t) − sin θ
(
|Uk| βr−k,1(t) + ǫr |Vk| αr†k,1(t)
)
,
where ǫr = (−1)r and
|Uk| ≡ ur†k,iurk,j = vr†−k,ivr−k,j , i 6= j ; |Vk| ≡ εijǫr ur†k,ivr−k,j, no summation (10)
with εij = 0, 1,−1 for i = j, i < j, i > j, respectively. We have:
|Uk| =
(
ωk,1 +m1
2ωk,1
) 1
2
(
ωk,2 +m2
2ωk,2
) 1
2
(
1 +
k2
(ωk,1 +m1)(ωk,2 +m2)
)
|Vk| =
(
ωk,1 +m1
2ωk,1
) 1
2
(
ωk,2 +m2
2ωk,2
) 1
2
(
k
(ωk,2 +m2)
− k
(ωk,1 +m1)
)
(11)
|Uk|2 + |Vk|2 = 1 . (12)
The number of condensate neutrinos for each k is given by
e,µ〈0|αr†k,iαrk,i|0〉e,µ = e,µ〈0|βr†k,iβrk,i|0〉e,µ = sin2 θ |Vk|2 , (13)
with i = 1, 2 . Equivalently, 1,2〈0|αr†k,σαrk,σ|0〉1,2 = 1,2〈0|βr†k,σβrk,σ|0〉1,2 = sin2 θ |Vk|2 , with σ = e, µ .
The Bogoliubov coefficient |Vk|2 appearing in Eq.(13) can be written as a function of the dimensionless momentum
p = |k|√m1m2 and dimensionless parameter a =
(m2−m1)2
m1m2
, as follows,
|V (p, a)|2 = 1
2
(
1− p
2 + 1√
(p2 + 1)2 + ap2
)
. (14)
From Fig.1 we see that the effect is maximal when p = 1, i.e. for |k|2 = m1m2, the natural scale of the neutrino
mixing. |Vk|2 goes to zero for large momenta, i.e. for |k|2 ≫ m1m2, as |Vk|2 ≈ (∆m)
2
4k2 . It acts as a “form factor” in
the k space controlling the neutrino vacuum condensate. We thus find that the Pontecorvo’s formalism is nothing
but the relativistic limit of the QFT formalism: |Vk|2 → 0 and |Uk|2 → 1 for |k|2 ≫ m1m2. In the Pontecorvo’s
formalism the non-perturbative contributions from the vacuum condensate are thus missing. This is the meaning of
the approximation made in the QM treatment of the mixing. Missing these condensate contributions is of course
of no relevance for the experimental observation of neutrino oscillations at today instrumentation resolution. These
contributions might play, however, a relevant role in the study of the cosmological background. The fact that |Vk|2
contributes maximally for low energies suggests indeed to us that the contribution of the mixing phenomenon may be
taken as a good candidate in the study of dark energy.
We point out that, since |0〉1,2 and |0〉e,µ are unitary inequivalent states in the infinite volume limit, two different
normal orderings must be defined, respectively with respect to the vacuum |0〉1,2 for fields with definite masses,
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Figure 1: The fermion condensation density |V (p, a)|2 as a function of p for a = 0.98 (solid line) and a = 0.5 (dashed line).
denoted as usual by : ... :, and with respect to the vacuum for fields with definite flavor |0〉e,µ, denoted by :: ... :: .
The Hamiltonian normal ordered with respect to the vacuum |0〉1,2 is given by
: H : = H −1,2 〈0|H |0〉1,2 = H + 2
∫
d3k (ωk,2 + ωk,1) =
∑
i
∑
r
∫
d3kωk,i[α
r†
k,iα
r
k,i + β
r†
k,iβ
r
k,i] , (15)
and the Hamiltonian normal ordered with respect to the vacuum |0〉e,µ is
:: H ::≡ H − e,µ〈0(t)|H |0(t)〉e,µ = H + 2
∫
d3k (ωk,2 + ωk,1) (1 − 2 |Vk|2 sin2 θ) . (16)
Note that the difference of energy between |0〉e,µ and |0〉1,2 represents the energy of the condensed neutrinos given in
Eq.(13)
e,µ〈0(t)| : H : |0(t)〉e,µ = e,µ〈0(t)|H |0(t)〉e,µ − 1,2〈0|H |0〉1,2 = 4 sin2 θ
∫
d3k (ωk,2 + ωk,1) |Vk|2 , (17)
and gives the “energy gap” protecting the flavored neutrinos from turning into the mixing component neutrinos ν1
and ν2. In the following we show that the energy of the condensed neutrinos can have cosmological implications,
indeed it can contribute to the dark energy of the universe.
Before considering cosmological aspects of neutrino mixing, in order to better understand the meaning of Eq.(17),
let us introduce the operator A(t) that satisfies Eqs.(A1) - (A4) given in Appendix A. By defining the operator
H ′(t) = : H : −A(t) , (18)
we have
〈νrk,e(t)|H ′(t) |νrk,e(t)〉 = ωk,1 cos2 θ + ωk,2 sin2 θ , (19)
〈νrk,µ(t)|H ′(t) |νrk,µ(t)〉 = ωk,2 cos2 θ + ωk,1 sin2 θ , (20)
〈νrk,e(t)|H ′(t) |νrk,µ(t)〉 = (ωk,2 − ωk,1) sin θ cos θ , (21)
〈νrk,µe¯e(t)|H ′(t) |νrk,e(t)〉 = 〈νrk,µe¯e(t)|H ′(t) |νrk,µ(t)〉 = 〈νrk,eµ¯µ(t)|H ′(t) |νrk,e(t)〉 = 〈νrk,eµ¯µ(t)|H ′(t) |νrk,µ(t)〉 = 0 .
(22)
6Eqs.(19)-(21) coincide with the ones obtained in QM by using the Pontecorvo states. Moreover the uncertainties in
the energy H ′(t) of the multi-particle states (A5), (A6) are zero such as in QM, are zero the uncertainties in the
energy H of the multi-particle states. H ′(t) is explicitly given by
H ′(t) =
∑
r
∫
d3k
[
ωee
(
αr†k,e(t)α
r
k,e(t) + β
r†
−k,e(t)β
r
−k,e(t)
)
+ ωµµ
(
αr†k,µ(t)α
r
k,µ(t) + β
r†
−k,µ(t)β
r
−k,µ(t)
)
+ ωµe
(
αr†k,e(t)α
r
k,µ(t) + α
r†
k,µ(t)α
r
k,e(t) + β
r†
−k,e(t)β
r
−k,µ(t) + β
r†
−k,µ(t)β
r
k,e(t)
) ]
, (23)
where ωee ≡ ωk,1 cos2 θ +ωk,2 sin2 θ, ωµµ ≡ ωk,1 sin2 θ +ωk,2 cos2 θ, ωµe ≡ (ωk,2−ωk,1) sin θ cos θ. From Eq.(23) we
have at any time t
e,µ〈0(t)|H ′(t)|0(t)〉e,µ = 0 . (24)
Thus we obtain
e,µ〈0(t)| : H : |0(t)〉e,µ ≡ e,µ〈0(t)|A(t)|0(t)〉e,µ . (25)
That is, the operator A(t) is the part of the Hamiltonian : H : that give rise to the neutrino mixing condensate. The
operator (23) can be also written as
H ′(t) = :: H :: −B(t) , (26)
where B(t) satisfies Eqs.(A7) - (A10) presented in Appendix A.
We remark that one might also consider the “effective” Hamiltonian approach by incorporating into the QM
treatment the condensate contributions computed by using the operator A(t) (or B(t)).
III. NEUTRINO MIXING AND DARK ENERGY
In this Section we show that the energy density of the neutrino vacuum condensate can represent an evolving
component of the dark energy. The non-zero value of |Vk|2 for long wavelengths, namely its behavior at very high
momenta, together with the negligible breaking of the Lorentz invariance of the vacuum condensate at the present
time, can be responsible of the very tiny value of the cosmological constant.
Let us calculate the contribution ρmixvac of the neutrino mixing to the vacuum energy density in the Minkowski metric.
The energy-momentum tensor density Tµν(x) for the fields ν1 and ν2 is
: Tµν(x) := i
2
:
(
Ψ¯m(x)γµ
↔
∂ ν Ψm(x)
)
: (27)
where Ψm = (ν1, ν2)
T . The symbol : ... : denotes the normal ordering with respect to |0〉1,2.
In the early universe epochs, when the Lorentz invariance of the vacuum condensate is broken, ρmixvac presents also
space-time dependent condensate contributions. Then ρmixvac is given by the expectation value of the (0,0) component
of Tµν(x) in the flavor vacuum |0(t)〉e,µ:
ρmixvac =
1
V
η00 e,µ〈0(t)| : T 00(0) : |0(t)〉e,µ , (28)
7where : T00 :≡ : H : =
∫
d3x : T00(x) : . Note that T00 is time independent. We obtain
ρmixvac =
2
π
sin2 θ
∫ K
0
dk k2(ωk,1 + ωk,2)|Vk|2 , (29)
where the cut-off K has been introduced. Explicitly
ρmixvac =
1
2π
sin2 θ(m2 −m1)
{
K
(
m2
√
K2 +m22 −m1
√
K2 +m21
)
− m32 log
(
K +
√
K2 +m22
m2
)
+m31 log
(
K +
√
K2 +m21
m1
)}
. (30)
The contribution pmixvac of the neutrino mixing to the vacuum pressure is given by the expectation value of Tjj (where
no summation on the index j is intended) in |0〉e,µ:
pmixvac = −
1
V
ηjj e,µ〈0(t)| : T jj : |0(t)〉e,µ , (31)
where Tjj =
∫
d3x Tjj(x) . Being
: T jj :=
∑
i
∑
r
∫
d3k
kjkj
ωk,i
(
αr†k,iα
r
k,i + β
r†
−k,iβ
r
−k,i
)
, (32)
in the case of the isotropy of the momenta: T 11 = T 22 = T 33, we have
pmixvac =
2
3 π
sin2 θ
∫ K
0
dk k4
[
1
ωk,1
+
1
ωk,2
]
|Vk|2 . (33)
Explicitly
pmixvac =
1
6π
sin2 θ(m2 −m1)
{
K
(
m2
√
K2 +m21 −m1
√
K2 +m22
)
+ 2
[
m42√
m21 −m22
arctan
( √m21 −m22
m2
√
K2 +m21
K
)
− m
4
1√
m22 −m21
arctan
( √m22 −m21
m1
√
K2 +m22
K
)]
+ (2m31 +m1m
2
2) log
(
K +
√
K2 +m22
m2
)
− (2m32 +m21m2) log
(
K +
√
K2 +m21
m1
)}
. (34)
The state equation of the vacuum condensate is defined as wmix = pmixvac /ρ
mix
vac . By plotting w
mix as function of the
momentum cut-off K (Fig.2) we have that wmix = 1/3 when the cut-off is chosen to be K ≫ m1,m2 and wmix goes
to zero for K ≤ √m1m2.
The neutrino vacuum condensate assume a different behavior at the present epoch. Indeed, the breaking of the
Lorentz invariance is now negligible and, at present time, ρmixvac comes from space-time independent condensate con-
tributions. Then the energy-momentum density tensor of the vacuum condensate is given approximatively by
e,µ〈0| : Tµν : |0〉e,µ ≈ ηµν
∑
i
mi
∫
d3x
(2π)3
e,µ〈0| : ν¯i(x)νi(x) : |0〉e,µ = ηµν ρmixΛ . (35)
Since ηµν = diag(1,−1,−1,−1) and, in a homogeneous and isotropic universe, the energy-momentum tensor is
Tµν = diag(ρ , p , p , p ), the state equation is then ρmixΛ ≈ −pmixΛ , that is, the neutrino vacuum condensate today has
a behavior similar to the cosmological constant [13]. Explicitly, we have
ρmixΛ =
2
π
sin2 θ
∫ K
0
dk k2
[
m21
ωk,1
+
m22
ωk,2
]
|Vk|2. (36)
82·10-11 4·10-11 6·10-11 8·10-11 1·10-10
KHGeVL
-0.05
0.05
0.1
0.15
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Figure 2: The adiabatic index wmix as a function of cut-off K.
We observe that the value of the integral (36) is conditioned by the appearance in the integrand of the |Vk|2 factor.
The integral, and thus ρmixΛ , would be zero for |Vk|2 = 0 for any |k|, as it is in the usual quantum mechanical
Pontecorvo formalism. In the present QFT formalism |Vk|2 is not identically zero for any |k|; it goes to zero only for
large momenta, getting its maximum value for |k| = √m1m2 (p = 1, cf. Section II), thus maximally contributing
in this (infrared) region: we thus see that contributions to dark energy mostly come from long wave-lengths, short
wave-lengths at most producing local dishomogeneities. Proceeding in our calculation, we obtain
ρmixΛ =
1
2π
sin2 θ(m2 −m1)
{
(m2 +m1)K
(√
K2 +m22 −
√
K2 +m21
)
+ 2
[ m41√
m22 −m21
arctan
( √m22 −m21
m1
√
K2 +m22
K
)
− m
4
2√
m21 −m22
arctan
( √m21 −m22
m2
√
K2 +m21
K
)]
− (m32 + 2m31 +m1m22) log
(
K +
√
K2 +m22
m2
)
+ (m31 + 2m
3
2 +m
2
1m2) log
(
K +
√
K2 +m21
m1
)}
. (37)
To better understand the meaning of Eq.(37), we report the behavior of ρmixΛ for K ≫ m1,m2:
ρmixΛ ≈
1
2π
sin2 θ(m2 −m1)
{
2
[ m41√
m22 −m21
arctan
(√m22 −m21
m1
)
− m
4
2√
m21 −m22
arctan
(√m21 −m22
m2
)]
− (m32 + 2m31 +m1m22) log
(
2K
m2
)
+ (m31 + 2m
3
2 +m
2
1m2) log
(
2K
m1
)}
. (38)
This shows that the integral diverges in K as m4i log (2K/mj), with i, j = 1, 2. As shown in Fig.3 the divergence in K
is smoothed by the factor m4i . By using the electroweak scale cut-off: K = 100GeV, for neutrino masses of order of
10−3eV and ∆m212 ≈ 7 × 10−5eV 2 we have ρmixΛ ≈ 2.9× 10−47GeV 4, which is in agreement with the observed value
of cosmological constant. From Eq. (38) one also sees that
dρmix
Λ
(K)
dK
∝ 1
K
→ 0 for large K.
The result we have obtained is quite instructive also since it tells us that the value of |Vk|2, for any |k|, contributing
to the observed value of ρmixΛ is the one related with such a mass scale (the dependence of |Vk|2 on the masses is
shown in Eq.(11), see also Fig.1). The computation of ρmixΛ turns out to be sensible to small variations in the values
of the neutrino masses and of ∆m2, these last ones affecting the value of the multiplicative digits of 10−47GeV 4.
920 40 60 80 100
KHGeVL
2.6 ´10-47
2.7 ´10-47
2.8 ´10-47
ΡDHGeV
4
L
Figure 3: The neutrino mixing dark energy as a function of cut-off K.
Above we have derived the contribution ρmixΛ arising from mixing of the two lighter neutrinos. If mixing involving
heaviest neutrinos are included, the obtained value for dark energy, for a value of the cut-off of order of the electroweak
scale, turns out about 4 orders of magnitudes higher than the observed value of dark energy. In such a case, a value
of the dark energy compatible with its upper bound is obtained for a cut-off of the order of the natural scale of the
neutrino mixing. Such a small cut off on the momenta is imposed by the negligible Lorentz invariance breaking at
the present epoch, as we will show in a forthcoming paper [15]. There we will present also the explicit computation
in curved space-time and we will show that the mixing treatment here presented in the flat space-time is a good
approximation in the present epoch of that in FRW space-time.
IV. CONCLUSIONS
In this report we have presented the main features of neutrino mixing in the context of quantum field theory and
we have shown that neutrino mixing may contribute to the value of the dark energy exactly because of the non-
perturbative field theory effects. In particular, we have shown that, at the present epoch, the vacuum condensate
generated by neutrino mixing behaves as the cosmological constant. Its observed value is obtained for a cut-off of the
order of electroweak scale when the two lighter neutrinos are considered and for a cut-off of the order of the natural
scale of neutrino mixing in the case one includes mixing with heavier neutrinos.
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Appendix A: EXPECTATION VALUES OF THE OPERATORS A, AND B
The operator A(t) satisfies the relations:
〈νrk,e(t)|A(t) |νrk,e(t)〉 = 2ωk,1|Vk|2 sin2 θ ; 〈νrk,µ(t)|A(t) |νrk,µ(t)〉 = 2ωk,2|Vk|2 sin2 θ , (A1)
〈νrk,e(t)|A(t) |νrk,µ(t)〉 = 〈νrk,µ(t)|A(t) |νrk,e(t)〉 = (ωk,2 − ωk,1) (|Uk| − 1) sin θ cos θ , (A2)
and similar relations hold for the anti-particle states |νσ(t)〉, moreover
〈νrk,eµ¯µ(t)|A(t) |νrk,e(t)〉 = 2 ǫr ωk,1 sin2 θ |Uk| |Vk| ; 〈νrk,µe¯e(t)|A(t) |νrk,µ(t)〉 = −2 ǫr ωk,2 sin2 θ |Uk| |Vk|, (A3)
〈νrk,eµ¯µ(t)|A(t) |νrk,µ(t)〉 = 〈νrk,µe¯e(t)|A(t) |νrk,e(t)〉 = ǫr (ωk,2 + ωk,1) |Vk| sin θ cos θ , (A4)
where, at time t, the multi-particle flavor states are defined as:
|νrk,ee¯µ(t)〉 ≡ αr†k,e(t)βr†−k,e(t)αr†k,µ(t) |0(t)〉e,µ , (A5)
|νrk,µµ¯e(t)〉 ≡ αr†k,µ(t)βr†−k,µ(t)αr†k,e(t) |0(t)〉e,µ . (A6)
The operator B in Eq.(26) has the expectation values given below:
〈νrk,e(t)|B(t) |νrk,e(t)〉 = −2ωk,2|Vk|2 sin2 θ ; 〈νrk,µ(t)|B(t) |νrk,µ(t)〉 = −2ωk,1|Vk|2 sin2 θ , (A7)
〈νrk,e(t)|B(t) |νrk,µ(t)〉 = 〈νrk,µ(t)|B(t) |νrk,e(t)〉 = (ωk,2 − ωk,1) (|Uk| − 1) sin θ cos θ , (A8)
and similar for |νσ(t)〉, moreover
〈νrk,eµ¯µ(t)|B(t) |νrk,e(t)〉 = 2 ǫr ωk,1 sin2 θ |Uk| |Vk| ; 〈νrk,µe¯e(t)|B(t) |νrk,µ(t)〉 = −2 ǫr ωk,2 sin2 θ |Uk| |Vk|,(A9)
〈νrk,eµ¯µ(t)|B(t) |νrk,µ(t)〉 = 〈νrk,µe¯e(t)|B(t) |νrk,e(t)〉 = ǫr (ωk,2 + ωk,1) |Vk| sin θ cos θ . (A10)
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